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Abstract
The purpose of this paper is to study the construction of 3-Bihom-Lie algebras. We
give some ways of constructing 3-Bihom-Lie algebras from 3-Bihom-Lie algebras and 3-
totally Bihom-associative algebras. Furthermore, we introduce Tθ-extensions and T
∗
θ -
extensions of 3-Bihom-Lie algebras and prove the necessary and sufficient conditions for
a 2n-dimensional quadratic 3-Bihom-Lie algebra to be isomorphic to a T ∗θ -extension.
Keywords: 3-Bihom-Lie algebras, representations, Tθ-extensions, T
∗
θ -extensions
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1 Introduction
Bihom-algebras first appeared in [10] while investigating categorical of Hom-algebras.
This class of algebras is an algebra with two homomorphisms α and β. When α = β,
Bihom-algebras will be return to Hom-algebras. And when α = β are identity maps,
Bihom-algebras will be return to algebras. Since then many authors are interested in
Bihom-algebras, such as Bihom-Lie algebras, Bihom-Lie superalgebras, Bihom-Lie colour
algebras in [2, 9, 12, 16]. In particular, the definition of n-Bihom-Lie algebras and n-
Bihom-Associative algebras were introduced in [11]. Then the generalized derivations of
3-BiHom-Lie superalgebras and n-BiHom-Lie algebras are studied in [5, 6].
The notion of the T ∗θ -extension of Lie algebras was introduced by Bordemann in [8].
It is one of the main tools to prove that every symplectic quadratic Lie algebra is a special
symplectic Manin algebra in [3]. Then this idea is applied to generalize other algebras
and the resulting algebras are studied, for example, 3-Lie algebras, 3-Hom-Lie algebras,
Hom-Lie algebras and Bihom-Lie superalgebras etc. in [4, 7, 13, 14, 15, 18]. In this paper,
we study the T ∗θ -extension of 3-Bihom-Lie algebras.
Corresponding author (L. Chen): chenly640@nenu.edu.cn.
Supported by NNSF of China (No. 11771069) and NSF of Jilin province (No. 20170101048JC).
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The paper is organized as follows. In Section 2 we recall the definition of 3-Bihom-
Lie algebras, and show that a 3-Bihom-Lie algebra is given by the direct sum of two
3-Bihom-Lie algebras and the tensor product of a 3-totally Bihom-associative algebra
and a 3-Bihom-Lie algebra. Also we prove that a homomorphism between 3-Bihom-Lie
algebras is a morphism if and only if its graph is a Bihom subalgebra. In Section 3
we give the definition of representations of 3-Bihom-Lie algebras. We can obtain the
semidirect product 3-Bihom-Lie algebra (L⊕M, [·, ·, ·]ρ, α+αM , β + βM) associated with
any representation ρ of a 3-Bihom-Lie algebra (L, [·, ·, ·], α, β) on M . And we can get a
Tθ-extension of (L, [·, ·, ·], α, β) by a 3-cocycle θ. In Section 4 T
∗
θ -extensions of 3-Bihom-Lie
algebras are studied. We give the necessary and sufficient conditions for a 2n-dimensional
quadratic 3-Bihom-Lie algebra to be isomorphic to a T ∗θ -extension.
2 Definitions and derivations of 3-Bihom-Lie algebras
Inspired by [1, 17], we give some construction of 3-Bihom-Lie algebras, and similar con-
clusions are deduced.
Definition 2.1. [11] A 3-Bihom-Lie algebra over a field K is a 4-tuple (L, [·, ·, ·], α, β),
where L is a vector space, 3-linear operator [·, ·, ·] : L × L × L → L and two linear maps
α, β : L→ L satisfying the following conditions, ∀ x, y, z, u, v ∈ L,
(1) α ◦ β = β ◦ α,
(2) α([x, y, z]) = [α(x), α(y), α(z)] and β([x, y, z]) = [β(x), β(y), β(z)],
(3) Bihom-skewsymmetry: [β(x), β(y), α(z)] = −[β(y), β(x), α(z)] = −[β(x), β(z), α(y)],
(4) 3-BiHom-Jacobi identity:
[β2(u), β2(v), [β(x), β(y), α(z)]]
= [β2(y), β2(z), [β(u), β(v), α(x)]]− [β2(x), β2(z), [β(u), β(v), α(y)]]
+[β2(x), β2(y), [β(u), β(v), α(z)]].
A 3-Bihom-Lie algebra is called a regular 3-Bihom-Lie algebra if α and β are algebra
automorphisms.
Obviously, a 3-Hom-Lie algebra (L, [·, ·, ·], α) is a particular case of 3-Bihom-Lie al-
gebras, namely, (L, [·, ·, ·], α, α). Conversely, a 3-Bihom-Lie algebra (L, [·, ·, ·], α, α) with
isomorphism α is a 3-Hom-Lie algebra (L, [·, ·, ·], α).
Definition 2.2. [11] A sub-vector space η ⊆ L is a Bihom subalgebra of (L, [·, ·, ·], α, β)
if α(η) ∈ η, β(η) ∈ η and [x, y, z] ∈ η, ∀ x, y, z ∈ η. It is said to be a Bihom ideal of
(L, [·, ·, ·], α, β) if α(η) ∈ η, β(η) ∈ η and [x, y, z] ∈ η, ∀ x ∈ η, y, z ∈ L.
Proposition 2.3. [11, Theorem 1.12] Let (L, [·, ·, ·]) be a 3-Lie algebra, and α, β : L→ L
be algebraic homomorphisms such that α ◦β = β ◦α. The (L, [·, ·, ]αβ, α, β), where [·, ·, ]αβ
is defined by [x, y, z]αβ = [α(x), α(y), β(z)], ∀ x, y, z ∈ L, is a 3-BiHom-Lie algebra.
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Proposition 2.4. Let (L, [·, ·, ·], α, β) be a 3-BiHom-Lie algebra, α
′
, β
′
: L→ L be two al-
gebraic homomorphisms and any two of the maps α, β, α
′
, β
′
commute. Then (L, [·, ·, ·]α′ ,β′
:= [·, ·, ·] ◦ (α
′
⊗ α
′
⊗ β
′
), α ◦ α
′
, β ◦ β
′
) is a 3-Bihom-Lie algebra.
Proof. First we check that the bracket product [·, ·, ·]α′ ,β′ is compatible with the
structure maps α ◦ α
′
and β ◦ β
′
. For any x, y, z ∈ L, we have
[β ◦ β
′
(x), β ◦ β
′
(y), α ◦ α
′
(z)]α′ ,β′ = [α
′
◦ β ◦ β
′
(x), α
′
◦ β ◦ β
′
(y), β
′
◦ α ◦ α
′
(z)]
= α
′
◦ β
′
([β(x), β(y), α(z)])
= −α
′
◦ β
′
([β(y), β(x), α(z)])
= −[α
′
◦ β
′
◦ β(y), α
′
◦ β
′
◦ β(x), α
′
◦ β
′
◦ α(z)]
= −[β ◦ β
′
(y), β ◦ β
′
(x), α ◦ α
′
(z)]α′ ,β′ .
In the same way, [β ◦ β
′
(x), β ◦ β
′
(y), α ◦α
′
(z)]α′ ,β′ = −[β ◦ β
′
(x), β ◦ β
′
(z), α ◦ α
′
(y)]α′ ,β′ .
Now we prove the 3-Bihom-Jacobi identity. For any x, y, z, u, v ∈ L, we have
[(β ◦ β
′
)2(u), (β ◦ β
′
)2(v), [β ◦ β
′
(x), β ◦ β
′
(y), α ◦ α
′
(z)]α′ ,β′ ]α′ ,β′
= [(β ◦ β
′
)2(u), (β ◦ β
′
)2(v), α
′
◦ β
′
([β(x), β(y), α(z)])]α′ ,β′
= [α
′
◦ (β ◦ β
′
)2(u), α
′
◦ (β ◦ β
′
)2(v), α
′
◦ (β
′
)2([β(x), β(y), α(z)])]
= α
′
◦ (β
′
)2([β2(u), β2(v), [β(x), β(y), α(z)]]).
By the 3-Bihom-Jacobi identity of [·, ·, ·], we can obtain [·, ·, ·]α′ ,β′ satisfies the 3-Bihom-
Jacobi identity.
Thus, (L, [·, ·, ·]α′ ,β′ := [·, ·, ·]◦(α
′
⊗α
′
⊗β
′
), α◦α
′
, β◦β
′
) is a 3-Bihom-Lie algebra.
Corollary 2.5. Let (L, [·, ·, ·], α, β) be a 3-BiHom-Lie algebra. Then (L, [·, ·, ·]k := [·, ·, ·]◦
(αk ⊗ αk ⊗ βk), αk+1, βk+1) is a 3-Bihom-Lie algebra.
Proof. Apply Proposition 2.4 with α
′
= αk and β
′
= βk.
Definition 2.6. [11] A 3-totally BiHom-associative algebra is a vector space A together
with a 3-linear map µ : A×A×A→ A and two linear maps α, β : A→ A, with notation
µ(a1, a2, a3) = a1a2a3, satisfying the following conditions, ∀ a1, a2, a3, a4, a5 ∈ A,
(1) α ◦ β = β ◦ α,
(2) α(a1a2a3) = α(a1)α(a2)α(a3) and β(a1a2a3) = β(a1)β(a2)β(a3),
(3) (a1a2a3)β(a4)β(a5) = α(a1)(a2a3a4)β(a5) = α(a1)α(a2)(a3a4a5).
Proposition 2.7. Let (A, µ, α1, β1) be a 3-totally BiHom-associative algebra and (L, [·, ·, ·],
α2, β2) a 3-BiHom-Lie algebra. If α1 is surjective and ∀ a1, a2, a3 ∈ A,
β1(a1)β1(a2)α1(a3) = β1(a2)β1(a1)α1(a3) = β1(a1)β1(a3)α1(a2). (1)
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Then (A⊗L, [·, ·, ·]A⊗L, α, β) is a 3-BiHom-Lie algebra, where the 3-linear map [·, ·, ·]A⊗L :
∧3(A⊗ L)→ A⊗ L is given by
[a1 ⊗ x1, a2 ⊗ x2, a3 ⊗ x3]A⊗L = a1a2a3 ⊗ [x1, x2, x3], ∀ ai ∈ A, xi ∈ L, i = 1, 2, 3,
and the two linear maps α, β : A⊗L→ A⊗L are given by α(a1⊗ x1) = α1(a1)⊗ α2(x1)
and β(a1 ⊗ x1) = β1(a1)⊗ β2(x1).
Proof. Since α1β1 = β1α1 and α2β2 = β2α2, we have αβ = βα. Meanwhile because
α1, β1, α2, β2 are algebraic homomorphisms, that shows α and β are algebraic homomor-
phisms.
Next we prove [·, ·, ·]A⊗L satisfies Bihom-skewsymmetry,
[β(a1 ⊗ x1), β(a2 ⊗ x2), α(a3 ⊗ x3)]A⊗L
= [β1(a1)⊗ β2(x1), β1(a2)⊗ β2(x2), α1(a3)⊗ α2(x3)]A⊗L
= β1(a1)β1(a2)α1(a3)⊗ [β2(x1), β2(x2), α2(x3)]
= −β1(a2)β1(a1)α1(a3)⊗ [β2(x2), β2(x1), α2(x3)]
= −[β(a2 ⊗ x2), β(a1 ⊗ x1), α(a3 ⊗ x3)]A⊗L.
Similarly, we can get
[β(a1 ⊗ x1), β(a2 ⊗ x2), α(a3 ⊗ x3)]A⊗L = −[β(a1 ⊗ x1), β(a3 ⊗ x3), α(a2 ⊗ x2)]A⊗L.
Finally we prove the 3-Bihom-Jacobi identity,
[β2(a4 ⊗ x4), β
2(a5 ⊗ x5), [β(a1 ⊗ x1), β(a2 ⊗ x2), α(a3 ⊗ x3)]A⊗L]A⊗L
−[β2(a3 ⊗ x3), β
2(a5 ⊗ x5), [β(a1 ⊗ x1), β(a2 ⊗ x2), α(a4 ⊗ x4)]A⊗L]A⊗L
+[β2(a3 ⊗ x3), β
2(a4 ⊗ x4), [β(a1 ⊗ x1), β(a2 ⊗ x2), α(a5 ⊗ x5)]A⊗L]A⊗L
= β21(a4)β
2
1(a5)
(
β1(a1)β1(a2)α1(a3)
)
⊗ [β22(x4), β
2
2(x5), [β2(x1), β2(x2), α2(x3)]]
−β21(a3)β
2
1(a5)
(
β1(a1)β1(a2)α1(a4)
)
⊗ [β22(x3), β
2
2(x5), [β2(x1), β2(x2), α2(x4)]]
+β21(a3)β
2
1(a4)
(
β1(a1)β1(a2)α1(a5)
)
⊗ [β22(x3), β
2
2(x4), [β2(x1), β2(x2), α2(x5)]]
= β21(a1)β
2
1(a2)
(
β1(a3)β1(a4)α1(a5)
)
⊗
(
[β22(x4), β
2
2(x5), [β2(x1), β2(x2), α2(x3)]]
−[β22(x3), β
2
2(x5), [β2(x1), β2(x2), α2(x4)]]+[β
2
2(x3), β
2
2(x4), [β2(x1), β2(x2), α2(x5)]]
)
= β21(a1)β
2
1(a2)
(
β1(a3)β1(a4)α1(a5)
)
⊗ [β22(x1), β
2
2(x2), [β2(x3), β2(x4), α2(x5)]]
= [β2(a1 ⊗ x1), β
2(a2 ⊗ x2), [β(a3 ⊗ x3), β(a4 ⊗ x4), α(a5 ⊗ x5)]A⊗L]A⊗L,
where using (1) in the second equality.
Thus (A⊗ L, [·, ·, ·]A⊗L, α, β) is a 3-BiHom-Lie algebra.
In [11], 3-BiHom-Lie algebras can be induced by BiHom-Lie algebras. Now we can
get a Bihom-Lie algebra by a 3-Bihom-Lie algebra.
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Proposition 2.8. Let (L, [·, ·, ·], α, β) be a 3-BiHom-Lie algebra. Suppose a ∈ L sat-
isfies α(a) = β(a) = a. Then (L, [·, ·], α, β) is a Bihom-Lie algebra, where [x, y] =
[a, x, y], ∀ x, y ∈ L.
Proof. First we prove [·, ·] satisfies Bihom-skewsymmetry,
[β(x), α(y)] = [a, β(x), α(y)] = [β(a), β(x), α(y)] = −[β(a), β(y), α(x)] = −[β(y), α(x)].
Next we prove the Bihom-Jacobi identity,
[β2(x), [β(y), α(z)]] + [β2(y), [β(z), α(x)]] + [β2(z), [β(x), α(y)]]
= [a, β2(x), [a, β(y), α(z)]] + [a, β2(y), [a, β(z), α(x)]] + [a, β2(z), [a, β(x), α(y)]]
= [β2(a), β2(x), [β(a), β(y), α(z)]] + [β2(a), β2(y), [β(a), β(z), α(x)]]
+[β2(a), β2(z), [β(a), β(x), α(y)]]
= [β2(y), β2(z), [β(a), β(x), α(a)]]− [β2(a), β2(z), [β(a), β(x), α(y)]]
+[β2(a), β2(y), [β(a), β(x), α(z)]] + [β2(a), β2(y), [β(a), β(z), α(x)]]
+[β2(a), β2(z), [β(a), β(x), α(y)]]
= 0.
Thus, (L, [·, ·], α, β) is a Bihom-Lie algebra.
Proposition 2.9. Given two 3-Bihom-Lie algebras (L, [·, ·, ·], α, β) and (L′, [·, ·, ·]′, α′, β ′),
there is a 3-Bihom-Lie algebra (L⊕ L′, [·, ·, ·]L⊕L′, α+ α
′, β + β ′), where the 3-linear map
[·, ·, ·]L⊕L′ : ∧
3(L⊕ L′)→ L⊕ L′ is given by
[u1 + v1, u2 + v2, u3 + v3]L⊕L′ = [u1, u2, u3] + [v1, v2, v3]
′, ∀ ui ∈ L, vi ∈ L
′, i = 1, 2, 3,
and the two linear maps α + α′, β + β ′ : L⊕ L′ → L⊕ L′ are given by
(α+ α′)(u+ v) = α(u) + α′(v),
(β + β ′)(u+ v) = β(u) + β ′(v), ∀ u ∈ L, v ∈ L′.
Proof. Since α, β, α′, β ′ are algebraic homomorphisms, that shows α+α′ and β+β ′
are algebraic homomorphisms. For any ui ∈ L, vi ∈ L
′, i = 1, 2, 3, 4, 5, we have
(α + α′) ◦ (β + β ′)(u1 + v1) = (α + α
′)(β(u1) + β
′(v1))
= α ◦ β(u1) + α
′ ◦ β ′(v1)
= β ◦ α(u1) + β
′ ◦ α′(v1)
= (β + β ′) ◦ (α + α′)(u1 + v1),
i.e. (α + α′) ◦ (β + β ′) = (β + β ′) ◦ (α + α′).
Next, we consider the Bihom-skewsymmetry,
[(β + β ′)(u1 + v1), (β + β
′)(u2 + v2), (α+ α
′)(u3 + v3)]L⊕L′
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= [β(u1) + β
′(v1), β(u2) + β
′(v2), α(u3) + α
′(v3)]L⊕L′
= [β(u1), β(u2), α(u3)] + [β
′(v1), β
′(v2), α
′(v3)]
′
= −[β(u2), β(u1), α(u3)]− [β
′(v2), β
′(v1), α
′(v1)]
′
= −[(β + β ′)(u2 + v2), (β + β
′)(u1 + v1), (α + α
′)(u3 + v3)]L⊕L′ .
Similarly, we can get
[(β + β ′)(u1 + v1), (β + β
′)(u2 + v2), (α+ α
′)(u3 + v3)]L⊕L′
= −[(β + β ′)(u1 + v1), (β + β
′)(u3 + v3), (α + α
′)(u2 + v2)]L⊕L′ .
Finally, we prove the 3-Bihom-Jacobi identity,
[(β + β ′)2(u1 + v1), (β + β
′)2(u2 + v2), [(β + β
′)(u3 + v3), (β + β
′)(u4 + v4),
(α+ α′)(u5 + v5)]L⊕L′]L⊕L′
= [β2(u1)+β
′2(v1), β
2(u2)+β
′2(v2), [β(u3), β(u4), α(u5)]+[β
′(v3), β
′(v4), α
′(v5)]
′]L⊕L′
= [β2(u1), β
2(u2), [β(u3), β(u4), α(u4)]] + [β
′2(v1), β
′2(v2), [β
′(v3), β
′(v4), α
′(v5)]
′]′.
By the 3-Bihom-Jacobi identity of [·, ·, ·] and [·, ·, ·]′, [·, ·, ·]L⊕L′ satisfies the 3-Bihom-Jacobi
identity.
Thus, (L⊕ L′, [·, ·, ·]L⊕L′, α + α
′, β + β ′) is a 3-Bihom-Lie algebra.
Definition 2.10. [11] Let (L, [·, ·, ·], α, β) and (L′, [·, ·, ·]′, α′, β ′) be two 3-Bihom-Lie al-
gebras. A homomorphism f : L → L′ is said to be a morphism of 3-Bihom-Lie algebras
if
f([x, y, z]) = [f(x), f(y), f(z)]′, ∀ x, y, z ∈ L,
f ◦ α = α′ ◦ f,
f ◦ β = β ′ ◦ f.
Denote by φf = {x + f(x) | x ∈ L} ⊂ L ⊕ L
′ which is the graph of a linear map
f : L→ L′.
Proposition 2.11. A homomorphism f : (L, [·, ·, ·], α, β) → (L′, [·, ·, ·]′, α′, β ′) is a mor-
phism of 3-Bihom-Lie algebras if and only if the graph φf ⊂ L⊕L
′ is a Bihom-subalgebra
of (L⊕ L′, [·, ·, ·]L⊕L′, α + α
′, β + β ′).
Proof. Let f : (L, [·, ·, ·], α, β) → (L′, [·, ·, ·]′, α′, β ′) is a morphism of 3-Bihom-Lie
algebras, for any u, v, w ∈ L, we have
[u+ f(u), v+ f(v), w+ f(w)]L⊕L′ = [u, v, w] + [f(u), f(v), f(w)]
′ = [u, v, w] + f([u, v, w]).
Thus the graph φf is closed under the bracket operation [·, ·, ·]L⊕L′. Furthermore, we have
(α+α′)(u+f(v)) = α(u)+α′◦f(v) = α(u)+f ◦α(v), which implies that (α+α′)(φf) ⊂ φf .
Similarly, (β+β ′)(φf) ⊂ φf . Thus φf is a Bihom-subalgebra of (L⊕L
′, [·, ·]L⊕L′, α+α
′, β+
β ′).
6
Conversely, if the graph φf is a Bihom-subalgebra of (L⊕L
′, [·, ·]L⊕L′, α+α
′, β + β ′),
we have [u + f(u), v + f(v), w + f(w)]L⊕L′ = [u, v, w] + [f(u), f(v), f(w)]
′ ∈ φf , which
implies that [f(u), f(v), f(v)]′ = f([u, v, w]). Furthermore, (α + α′)(φf) ⊂ φf yields
that (α + α′)(u + f(u)) = α(u) + α′ ◦ f(u) ∈ φf , which is equivalent to the condition
α′◦f(u) = f ◦α(u), i.e. α′◦f = f ◦α. Similarly, β ′◦f = f ◦β. Therefore, f is a morphism
of 3-Bihom-Lie algebras.
Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra. For any integers k and l, denote by αk
the k-times composition of α and βl the l-times composition of β, i.e.
αk = α ◦ · · · ◦ α(k − times), βl = β ◦ · · · ◦ β(l − times).
Since the maps α, β commute, we denote by
αkβl = α ◦ · · · ◦ α︸ ︷︷ ︸
k−times
◦ β ◦ · · · ◦ β︸ ︷︷ ︸
l−times
.
In particular, α0β0 = Id, α1β1 = αβ. If (L, [·, ·, ·], α, β) be a regular 3-Bihom-Lie algebra,
α−kβ−l is the inverse of αkβl.
Definition 2.12. [5] For any integers k and l, a linear map D : L → L is called an
αkβl-derivation of the 3-Bihom-Lie algebra (L, [·, ·, ·], α, β), if for all u, v, w ∈ L,
D ◦ α = α ◦D, D ◦ β = β ◦D,
D[u, v, w]=[D(u), αkβl(v), αkβl(w)]+[αkβl(u), D(v), αkβl(w)]+[αkβl(u), αkβl(v), D(w)].
Denote by Derαkβl(L) the set of α
kβl-derivations of (L, [·, ·, ·], α, β).
Now let (L, [·, ·, ·], α, β) be a regular 3-Bihom-Lie algebra, for any u ∈ L satisfying
α(u1) = β(u1) = u1, α(u2) = β(u2) = u1, define Dk,l(u1, u2) ∈ End(L) by
Dk,l(u1, u2)(w) = [u1, u2, α
kβl(w)], ∀w ∈ L.
Proposition 2.13. Dk,l(u1, u2) is an α
kβl+1-derivation. We call an inner αkβl+1-derivation.
Proof. First we have
Dk,l(u1, u2)(α(w)) = [u1, u2, α
kβlα(w)] = α([u1, u2, α
kβl(w)]) = α ◦Dk,l(u1, u2)(w).
Similarly, Dk,l(u1, u2)(β(w)) = β ◦Dk,l(u1, u2)(w). Then, we have
Dk,l(u1, u1)([u, v, w])
= [u1, u2, α
kβl[u, v, w]]
= [β2(u1), β
2(u2), [βα
kβl−1(u), βαkβl−1(v), ααk−1βl(w)]]
= [β2αkβl−1(v), β2αk−1βl(w), [β(u1), β(u2), αα
kβl−1(u)]]
−[β2αkβl−1(u), β2αk−1βl(w), [β(u1), β(u2), αα
kβl−1(v)]]
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+[β2αkβl−1(u), β2αkβl−1(v), [β(u1), β(u2), αα
k−1βl(w)]]
= [βαkβl(v), βαk−1βl+1(w), α([u1, u2, α
kβl−1(u)])]
−[βαkβl(u), βαk−1βl+1(w), α([u1, u2, α
kβl−1(v)])]
+[βαkβl(u), βαkβl(v), α([u1, u2, α
k−1βl(w)])]
= [β([u1, u2, α
kβl−1(u)]), βαkβl(v), ααk−1βl+1(w)]
+[βαkβl(u), β([u1, u2, α
kβl−1(v)]), ααk−1βl+1(w)]
+[βαkβl(u), βαkβl(v), α([u1, u2, α
k−1βl(w)])]
= [Dk,l(u1, u2)(u), α
kβl+1(v), αkβl+1(w)] + [αkβl+1(u), Dk,l(u1, u2)(v), α
kβl+1(w)]
+[αkβl+1(u), αkβl+1(v), Dk,l(u1, u2)(w)].
Therefore, Dk,l(u1, u2) is an α
kβl+1-derivation.
Denote by Innαkβl(L) the set of inner α
kβl-derivations, i.e.
Innαkβl(L) = {[u1, u2, α
kβl−1(·)] | u1, u2 ∈ L, α(u1) = β(u1) = u1, α(u2) = β(u2) = u2}.
In [5], we can find Der(L) =
⊕
k,l
Derαkβl(L) with [D,D
′
] = D ◦D
′
−D
′
◦D is a Lie
algebra. Set Inn(L) =
⊕
k,l
Innαkβl(L).
Proposition 2.14. Inn(L) is an ideal of Der(L).
Proof. LetDs,t(u1, u2) ∈ Innαsβt+1(L) andD ∈ Derαkβl(L). Then [D,Ds,t(u1, u2)] ∈
Derαk+sβl+t+1(L), and for any y ∈ L
[D,Ds,t(u1, u2)](y)
= D[u1, u2, α
sβt(y)]− [u1, u2, α
sβtD(y)]
= [D(u1), α
kβl(u2), α
k+sβl+t(y)] + [αkβl(u1), D(u2), α
k+sβl+t(y)]
+[αkβl(u1), α
kβl(u2), α
sβtD(y)]− [u1, u2, α
sβtD(y)]
= [D(u1), u2, α
k+sβl+t(y)] + [u1, D(u2), α
k+sβl+t(y)]
= Dk+s,l+t(D(u1), u2)(y) +Dk+s,l+t(u1, D(u2))(y).
Therefore [D,Ds,t(u1, u2)] ∈ Innαk+sβl+t+1(L), i.e. Inn(L) is an ideal of Der(L).
3 Representations and Tθ-extensions of 3-Bihom-Lie
algebras
Definition 3.1. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra. A representation of L is a
4-tuple (M, ρ, αM , βM), where M is a vector space, αM , βM ∈ End(M) are two commuting
linear maps and ρ : L× L→ End(M) is a skewsymmetry bilinear map, such that for all
u, v, x, y ∈ L,
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(1) ρ(α(u), α(v)) ◦ αM = αM ◦ ρ(u, v),
(2) ρ(β(u), β(u)) ◦ βM = βM ◦ ρ(u, v),
(3) ρ(αβ(u), αβ(v)) ◦ ρ(x, y)
=ρ(β(x), β(y))◦ρ(α(u), α(v))+ρ([β(u), β(v), x], β(y))◦βM+ρ(β(x), [β(u), β(v), y])◦βM,
(4) ρ([β(u), β(u), x], β(y)) ◦ βM
= ρ(αβ(v), β(x)) ◦ ρ(α(u), y)+ ρ(β(x), αβ(u)) ◦ ρ(α(v), y)+ ρ(αβ(u), αβ(v)) ◦ ρ(x, y).
Proposition 3.2. Let (L, [·, ·, ·], α, β) be a regular 3-Bihom-Lie algebra. ad : L × L →
End(L) is a linear map such that
ad(u1, u2)(x) = [u1, u2, x], ∀ u1, u2, x ∈ L.
Then (L, ad, α, β) is a representation of (L, [·, ·, ·], α, β), called adjoint representation.
Proof. Follows a direct computation by the definition of representations.
Proposition 3.3. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra and (M, ρ, αM , βM) a
representation of L. Assume that the maps α and βM are surjective. Then L ⋉M :=
(L⊕M, [·, ·, ·]ρ, α+αM , β+βM) is a 3-Bihom-Lie algebra, where α+αM , β+βM : L⊕M →
L⊕M are defined by (α+αM)(u+x) = α(u)+αM(x) and (β+βM)(u+x) = β(u)+βM(x),
and the bracket [·, ·, ·]ρ is defined by
[u+ x, v + y, w + z]ρ
= [u, v, z] + ρ(u, v)(z)− ρ(u, α−1β(w))(αMβ
−1
M (y)) + ρ(v, α
−1β(w))(αMβ
−1
M (x)),
for all u, v, w ∈ L and x, y, z ∈ M . We call L⋉M the semidirect product of the 3-Bihom-
Lie algebra (L, [·, ·, ·], α, β) and M .
Proof. First we show (α + αM) ◦ (β + βM) = (β + βM) ◦ (α + αM) from the fact
α ◦ β = β ◦ α, αM ◦ βM = βM ◦ αM .
Then, we can obtain (α + αM) is a algebraic homomorphism,
[(α + αM)(u+ x), (α + αM)(v + y), (α+ αM)(w + z)]ρ
= [α(u) + αM(x), α(v) + αM(y), α(w) + αM(z)]ρ
= [α(u), α(v), α(w)] + ρ(α(u), α(v))(αM(z))− ρ(α(u), α
−1βα(w))(αMβ
−1
M αM(y))
+ρ(α(v), α−1βα(w))(αMβ
−1
M αM(x))
= α([u, v, w]) + αMρ(u, v)(z)− αMρ(u, α
−1β(w))(αMβ
−1
M (y))
+αMρ(v, α
−1β(w))(αMβ
−1
M (x))
= (α+ αM )([u+ x, v + y, w + z]ρ).
Similarly, (β + βM) is a algebraic homomorphism.
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Next we show that [·, ·, ·]ρ satisfies Bihom skewsymmetry,
[(β + βM)(u+ x), (β + βM)(v + y), (α+ αM)(w + z)]ρ
= [β(u) + βM(x), β(v) + βM(y), α(w) + αM (z)]ρ
= [β(u), β(v), α(w)] + ρ(β(u), β(v))(αM(z))− ρ(β(u), α
−1βα(w))(αMβ
−1
M βM(y))
+ρ(β(v), α−1βα(w))(αMβ
−1
M βM(x))
= −[β(v), β(u), α(w)]− ρ(β(v), β(u))(αM(z)) + ρ(β(v), α
−1βα(w))(αMβ
−1
M βM(x))
−ρ(β(u), α−1βα(w))(αMβ
−1
M βM(y))
= −[(β + βM)(v + y), (β + βM )(u+ x), (α + αM)(w + z)]ρ.
In the same way, we also have [(β + βM)(u + x), (β + βM)(v + y), (α + αM)(w + z)]ρ =
−[(β + βM)(u+ x), (β + βM)(w + z), (α + αM)(v + y)]ρ.
Finally, we can obtain for all ui ∈ L, xi ∈M, i = 1, 2, 3, 4, 5,
[(β + βM)
2(u1 + x1), (β + βM)
2(u2 + x2), [(β + βM)(u3 + x3), (β + βM)(u4 + x4),
(α + αM)(u5 + x5)]ρ]ρ
= [β2(u1)+β
2
M(x1),β
2(u2)+β
2
M(x2),[β(u3)+βM(x3),β(u4)+βM(x4),α(u5)+αM(x5)]ρ]ρ
= [β2(u1) + β
2
M(x1), β
2(u2) + β
2
M(x2), [β(u3), β(u4), α(u5)] + ρ(β(u3), β(u4))(αM(x5))
−ρ(β(u3), β(u5))(αM(x4)) + ρ(β(u4), β(u5))(αM(x3))]ρ
= [β2(u1), β
2(u2), [β(u3), β(u4), α(u5)]] + ρ(β
2(u1), β
2(u2))
(
ρ(β(u3), β(u4))(αM(x5))
−ρ(β(u3), β(u5))(αM(x4)) + ρ(β(u4), β(u5))(αM(x3))
)
−ρ(β2(u1), α
−1β([β(u3), β(u4), α(u5)]))(αMβM(x2))
+ρ(β2(u2), α
−1β([β(u3), β(u4), α(u5)]))(αMβM(x1))
= [β2(u4), β
2(u5), [β(u1), β(u2), α(u3)]]− [β
2(u3), β
2(u5), [β(u1), β(u2), α(u4)]]
+[β2(u3), β
2(u4), [β(u1), β(u2), α(u5)]] + ρ(β
2(u3), β
2(u4))ρ(β(u1), β(u2))(αM(x5))
+ρ(α−1β([β(u1), β(u2), α(u3)]), β
2(u4))(αMβM(x5))
+ρ(β2(u3), α
−1β([β(u1), β(u2), α(u4)]))(αMβM(x5))
−ρ(β2(u3), β
2(u5))ρ(β(u1), β(u2))(αM(x4))
−ρ(α−1β([β(u1), β(u2), α(u3)]), β
2(u5))(αMβM(x4))
−ρ(β2(u3), α
−1β([β(u1), β(u2), α(u5)]))(αMβM(x4))
+ρ(β2(u4), β
2(u5))ρ(β(u1), β(u2))(αM(x3))
+ρ(α−1β([β(u1), β(u2), α(u4)]), β
2(u5))(αMβM(x3))
+ρ(β2(u4), α
−1β([β(u1), β(u2), α(u5)]))(αMβM(x3))
+ρ(β2(u4),β
2(u5))ρ(β(u3),β(u1))(αM(x2))+ρ(β
2(u5),β
2(u3))ρ(β(u4),β(u1))(αM(x2))
+ρ(β2(u3),β
2(u4))ρ(β(u5),β(u1))(αM(x2))−ρ(β
2(u4),β
2(u5))ρ(β(u3),β(u2))(αM(x1))
−ρ(β2(u5),β
2(u3))ρ(β(u4),β(u2))(αM(x1))−ρ(β
2(u3),β
2(u4))ρ(β(u5),β(u2))(αM(x1))
= [β2(u4), β
2(u5), [β(u1), β(u2), α(u3)]] + ρ(β
2(u4), β
2(u5))
(
ρ(β(u1), β(u2))(αM(x3))
−ρ(β(u1), β(u3))(αM(x2)) + ρ(β(u2), β(u3))(αM(x1))
)
−ρ(β2(u4), α
−1β([β(u1), β(u2), α(u3)]))(αMβM(x5))
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+ρ(β2(u5), α
−1β([β(u1), β(u2), α(u3)]))(αMβM(x4))
−[β2(u3), β
2(u5), [β(u1), β(u2), α(u4)]]− ρ(β
2(u3), β
2(u5))
(
ρ(β(u1), β(u2))(αM(x4))
−ρ(β(u1), β(u4))(αM(x2)) + ρ(β(u2), β(u4))(αM(x1))
)
+ρ(β2(u3), α
−1β([β(u1), β(u2), α(u4)]))(αMβM(x5))
−ρ(β2(u5), α
−1β([β(u1), β(u2), α(u4)]))(αMβM(x3))
[β2(u3), β
2(u4), [β(u1), β(u2), α(u5)]] + ρ(β
2(u3), β
2(u4))
(
ρ(β(u1), β(u2))(αM(x5))
−ρ(β(u1), β(u5))(αM(x2)) + ρ(β(u2), β(u5))(αM(x1))
)
−ρ(β2(u3), α
−1β([β(u1), β(u2), α(u4)]))(αMβM(x4))
+ρ(β2(u4), α
−1β([β(u1), β(u2), α(u5)]))(αMβM(x3))
= [(β + βM)
2(u4 + x4), (β + βM)
2(u5 + x5), [(β + βM)(u1 + x1), (β + βM)(u2 + x2),
(α + αM)(u3 + x3)]ρ]ρ−[(β+βM)
2(u3+x3), (β+βM)
2(u5+x5), [(β+βM)(u1 + x1),
(β + βM)(u2 + x2), (α+ αM)(u4 + x4)]ρ]ρ+[(β+βM)
2(u3+x3), (β + βM)
2(u4 + x4),
[(β + βM)(u1 + x1), (β + βM)(u2 + x2), (α + αM)(u5 + x5)]ρ]ρ.
Thus, L⋉M := (L⊕M, [·, ·, ·]ρ, α + αM , β + βM) is a 3-Bihom-Lie algebra.
Definition 3.4. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra and (M, ρ, αM , βM) be a
representation of L. If θ : L× L× L→M is a 3-linear map and satisfies
(1) αMθ(x1, x2, x3) = θ(α(x1), α(x2), α(x3)),
(2) βMθ(x1, x2, x3) = θ(β(x1), β(x2), β(x3)),
(3) θ(β(x1), β(x2), α(x3)) = −θ(β(x2), β(x1), α(x3)) = −θ(β(x1), β(x3), α(x2)),
(4) θ(β2(x1), β
2(x2), [β(x3), β(x4), α(x5)]) + ρ(β
2(x1), β
2(x2))θ(β(x3), β(x4), α(x5))
= θ(β2(x4), β
2(x5), [β(x1), β(x2), α(x3)]) + ρ(β
2(x4), β
2(x5))θ(β(x1), β(x2), α(x3))
− θ(β2(x3), β
2(x5), [β(x1), β(x2), α(x4)])− ρ(β
2(x3), β
2(x5))θ(β(x1), β(x2), α(x4))
+ θ(β2(x3), β
2(x4), [β(x1), β(x2), α(x5)]) + ρ(β
2(x3), β
2(x4))θ(β(x1), β(x2), α(x5)),
where x1, x2, x3, x4, x5 ∈ L. Then θ is called a 3-cocycle associated with ρ.
Proposition 3.5. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra and (M, ρ, αM , βM) be a
representation of L. Assume that the maps α and βM are surjective. If θ is a 3-cocycle
associated with ρ. Then (L⊕M, [·, ·, ·]θ, α+αM , β+βM ) is a 3-Bihom-Lie algebra, where
α + αM , β + βM : L⊕M → L⊕M are defined by (α + αM)(u+ x) = α(u) + αM(x) and
(β + βM)(u+ x) = β(u) + βM(x), and the bracket [·, ·, ·]θ is defined by
[u+ x, v + y, w + z]θ
= [u, v, z]+θ(u, v, w)+ρ(u, v)(z)−ρ(u, α−1β(w))(αMβ
−1
M(y))+ρ(v, α
−1β(w))(αMβ
−1
M(x)),
for all u, v, w ∈ L and x, y, z ∈ M . (L ⊕M, [·, ·, ·]θ, α + αM , β + βM) is called the Tθ-
extension of (L, [·, ·, ·], α, β) by M , denoted by Tθ(L).
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Proof. The proof is similar to Proposition 3.3.
Proposition 3.6. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra and (M, ρ, αM , βM) be
a representation of L. Assume that the maps α and β are surjective. f : L → M is
a linear map such that f ◦ α = αM ◦ f and f ◦ β = βM ◦ f . Then the 3-linear map
θf : L× L× L→M given by
θf (x, y, z) = f([x, y, z])−ρ(x, y)f(z)+ρ(x, α
−1β(z))f(αβ−1(y))−ρ(y, α−1β(z))f(αβ−1(x)),
for all x, y, z ∈ L, is a 3-cocycle associated with ρ.
Proof. ∀ x, y, z ∈ L, we have
θf(α(x), α(y), α(z))
= f([α(x), α(y), α(z)])− ρ(α(x), α(y))f(α(z)) + ρ(α(x), αα−1β(z))f(ααβ−1(y))
−ρ(α(y), αα−1β(z))f(ααβ−1(x))
= αMf([x, y, z])− αMρ(x, y)f(z) + αMρ(x, α
−1β(z))f(αβ−1(y))
−αMρ(y, α
−1β(z))f(αβ−1(x))
= αMθf(x, y, z).
We also have θf(β(x), β(y), β(z)) = βMθf(x, y, z).
Next, a calculation shows that
θf (β(x), β(y), α(z))
= f([β(x), β(y), α(z)])− ρ(β(x), β(y))f(α(z)) + ρ(β(x), αα−1β(z))f(αβ−1β(y))
−ρ(β(y), αα−1β(z))f(αβ−1β(x))
= −f([β(y), β(x), α(z)]) + ρ(β(y), β(x))f(α(z))− ρ(β(y), αα−1β(z))f(αβ−1β(x))
+ρ(β(x), αα−1β(z))f(αβ−1β(y))
= −θf (β(y), β(x), α(z)).
Similarly, we can get θf(β(x), β(y), α(z)) = −θf (β(x), β(z), α(y)).
Finally, ∀ x1, x2, x3, x4, x5 ∈ L, we have
θf (β
2(x1), β
2(x2), [β(x3), β(x4), α(x5)]) + ρ(β
2(x1), β
2(x2))θf(β(x3), β(x4), α(x5))
= f([β2(x1), β
2(x2), [β(x3), β(x4), α(x5)]])− ρ(β
2(x1), β
2(x2))f([β(x3), β(x4), α(x5)])
+ρ(β2(x1), α
−1β([β(x3), β(x4), α(x5)]))fαβ(x2)
−ρ(β2(x2), α
−1β([β(x3), β(x4), α(x5)]))fαβ(x1)
+ρ(β2(x1), β
2(x2))
(
f([β(x3), β(x4), α(x5)])− ρ(β(x3), β(x4))fα(x5)
+ρ(β(x3), β(x5))fα(x4)− ρ(β(x4), β(x5))fα(x3)
)
= f([β2(x1), β
2(x2), [β(x3), β(x4), α(x5)]])
+ρ(β2(x1), α
−1β([β(x3), β(x4), α(x5)]))fαβ(x2)
−ρ(β2(x2), α
−1β([β(x3), β(x4), α(x5)]))fαβ(x1)
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+ρ(β2(x1), β
2(x2))
(
− ρ(β(x3), β(x4))fα(x5) + ρ(β(x3), β(x5))fα(x4)
−ρ(β(x4), β(x5))fα(x3)
)
= f([β2(x4), β
2(x5), [β(x1), β(x2), α(x3)]])− f([β
2(x3), β
2(x5), [β(x1), β(x2), α(x4)]])
+f([β2(x3), β
2(x4), [β(x1), β(x2), α(x5)]])− ρ(β
2(x4), β
2(x5))ρ(β(x3), β(x1))fα(x2)
−ρ(β2(x5), β
2(x3))ρ(β(x4), β(x1))fα(x2)− ρ(β
2(x3), β
2(x4))ρ(β(x5), β(x1))fα(x2)
+ρ(β2(x4), β
2(x5))ρ(β(x3), β(x2))fα(x1) + ρ(β
2(x5), β
2(x3))ρ(β(x4), β(x2))fα(x1)
+ρ(β2(x3), β
2(x4))ρ(β(x5), β(x2))fα(x1)− ρ(β
2(x3), β
2(x4))ρ(β(x1), β(x2))fα(x5)
−ρ(α−1β([β(x1), β(x2), α(x3)]), β
2(x4))fαβ(x5)
−ρ(β2(x3),α
−1β([β(x1),β(x2),α(x4)]))fαβ(x5)+ρ(β
2(x3),β
2(x5))ρ(β(x1),β(x2))fα(x4)
+ρ(α−1β([β(x1), β(x2), α(x3)]), β
2(x5))fαβ(x4)
+ρ(β2(x3), α
−1β([β(x1), β(x2), α(x5)]))fαβ(x4)
−ρ(β2(x4), β
2(x5))ρ(β(x1), β(x2))fα(x3)
−ρ(α−1β([β(x1), β(x2), α(x4)]), β
2(x5))fαβ(x3)
−ρ(β2(x4), α
−1β([β(x1), β(x2), α(x5)]))fαβ(x3)
= f([β2(x4),β
2(x5),[β(x1),β(x2),α(x3)]])+ρ(β
2(x4), α
−1β([β(x1), β(x2), α(x3)]))fαβ(x5)
−ρ(β2(x5), α
−1β([β(x1), β(x2), α(x3)]))fαβ(x4)
+ρ(β2(x4), β
2(x5))
(
− ρ(β(x1), β(x2))fα(x3) + ρ(β(x1), β(x3))fα(x2)
−ρ(β(x2), β(x3))fα(x1)
)
−f([β2(x3),β
2(x5),[β(x1),β(x2),α(x4)]])−ρ(β
2(x3),α
−1β([β(x1),β(x2),α(x4)]))fαβ(x5)
+ρ(β2(x5), α
−1β([β(x1), β(x2), α(x4)]))fαβ(x3)
−ρ(β2(x3), β
2(x5))
(
− ρ(β(x1), β(x2))fα(x4) + ρ(β(x1), β(x4))fα(x2)
−ρ(β(x2), β(x4))fα(x1)
)
+f([β2(x3),β
2(x4),[β(x1),β(x2),α(x5)]])+ρ(β
2(x3),α
−1β([β(x1),β(x2),α(x5)]))fαβ(x4)
−ρ(β2(x4), α
−1β([β(x1), β(x2), α(x5)]))fαβ(x3)
+ρ(β2(x3), β
2(x4))
(
− ρ(β(x1), β(x2))fα(x5) + ρ(β(x1), β(x5))fα(x2)
−ρ(β(x2), β(x5))fα(x1)
)
= +θf(β
2(x4), β
2(x5), [β(x1), β(x2), α(x3)]) + ρ(β
2(x4), β
2(x5))θf(β(x1), β(x2), α(x3))
−θf (β
2(x3), β
2(x5), [β(x1), β(x2), α(x4)])− ρ(β
2(x3), β
2(x5))θf (β(x1), β(x2), α(x4))
+θf(β
2(x3), β
2(x4), [β(x1), β(x2), α(x5)]) + ρ(β
2(x3), β
2(x4))θf(β(x1), β(x2), α(x5)).
It follows that θf is a 3-cocycle associated with ρ.
Corollary 3.7. Under the above notations, θ + θf is a 3-cocycle associated with ρ.
Proposition 3.8. Under the above notations, σ : Tθ(L)→ Tθ+θf (L) is a isomorphism of
3-Bihom-Lie algebras, where σ(v + x) = v + f(v) + x, ∀ v ∈ L, x ∈ M .
Proof. It is clear that σ is a bijection. Next, for every vi ∈ L, xi ∈ M, i = 1, 2, 3,
we have σ ◦ (α + αM)(v1 + x1) = σ(α(v1) + αM(x1)) = α(v1) + fα(v1) + αM(x1) =
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α(v1) + αMf(v1) + αM(x1) = (α + αM)(v1 + f(v1) + x1) = (α + αM) ◦ σ(v1 + x1), i.e.
σ ◦ (α + αM) = (α + αM) ◦ σ. Similarly, σ ◦ (β + βM) = (β + βM) ◦ σ.
Then we can obtain
[σ(v1 + x1), σ(v2 + x2), σ(v3 + x3)]θ+θf
= [v1 + f(v1) + x1, v2 + f(v2) + x2, v3 + f(v3) + x3]θ+θf
= [v1, v2, v3] + (θ + θf )(v1, v2, v3) + ρ(v1, v2)(f(v3) + x3)
−ρ(v1, α
−1β(v3))αMβ
−1
M (f(v2) + x2) + ρ(v2, α
−1β(v3))αMβ
−1
M (f(v1) + x1)
= [v1, v2, v3] + θ(v1, v2, v3) + f([v1, v2, v3])− ρ(v1, v2)f(v3) + ρ(v1, α
−1β(v3))fαβ
−1(v2)
−ρ(v2, α
−1β(v3))fαβ
−1(v1) + ρ(v1, v2)f(v3)− ρ(v1, α
−1β(v3))αMβ
−1
M f(v2)
+ρ(v2, α
−1β(v3))αMβ
−1
M f(v1) + ρ(v1, v2)(x3)− ρ(v1, α
−1β(v3))αMβ
−1
M (x2)
+ρ(v2, α
−1β(v3))αMβ
−1
M (x1)
= [v1, v2, v3] + f([v1, v2, v3]) + θ(v1, v2, v3) + ρ(v1, v2)(x3)− ρ(v1, α
−1β(v3))αMβ
−1
M (x2)
+ρ(v2, α
−1β(v3))αMβ
−1
M (x1)
= σ
(
[v1, v2, v3] + θ(v1, v2, v3) + ρ(v1, v2)(x3)− ρ(v1, α
−1β(v3))αMβ
−1
M (x2)
+ρ(v2, α
−1β(v3))αMβ
−1
M (x1)
)
= σ([v1 + x1, v2 + x2, v3 + x3]θ).
That shows σ is a isomorphism.
4 T ∗θ -extensions of 3-Bihom-Lie algebras
The method of T ∗θ -extension was introduced in [8] and has already been used for 3-Lie
algebras in [4] and 3-hom-Lie algebras in [15]. Now we will generalize it to 3-Bihom-Lie
algebras.
Definition 4.1. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra. A bilinear form f on L is
said to be nondegenerate if
L⊥ = {x ∈ L | f(x, y) = 0, ∀ y ∈ L} = 0;
αβ-invariant if for all x1, x2, x3, x4 ∈ L,
f([β(x1), β(x2), α(x3)], α(x4)) = −f(α(x3), [β(x1), β(x2), α(x4)]);
symmetric if
f(x, y) = f(y, x).
A subspace I of L is called isotropic if I ⊆ I⊥.
Definition 4.2. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra over a field K. If L ad-
mits a nondegenerate, αβ-invariant and symmetric bilinear form f such that α, β are f -
symmetric (i.e. f(α(x), y) = f(x, α(y)), f(β(x), y) = f(x, β(y))), then we call (L, f, α, β)
a quadratic 3-Bihom-Lie algebra.
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Let (L
′
, [·, ·, ·]′, α′, β ′) be another 3-Bihom-Lie algebra. Two quadratic 3-Bihom-Lie
algebras (L, f, α, β) and (L
′
, f ′, α′, β ′) are said to be isometric if there exists a algebra
isomorphism φ : L→ L
′
such that f(x, y) = f ′(φ(x), φ(y)), ∀ x, y ∈ L.
Theorem 4.3. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra and (M, ρ, αM , βM) be a
representation of L. Let us consider M∗ the dual space of M and α˜M , β˜M : M
∗ → M∗
two homomorphisms defined by α˜M(f) = f ◦ αM , β˜M(f) = f ◦ βM , ∀ f ∈ M
∗. Then
the skewsymmetry linear map ρ˜ : L × L → End(M∗), defined by ρ˜(x, y)(f) = −f ◦
ρ(x, y), ∀ f ∈M∗, x, y ∈ L, is a representation of L on (M∗, ρ˜, α˜M , β˜M) if and only if for
every x, y, u, v ∈ L,
(1) αM ◦ ρ(α(x), α(y)) = ρ(x, y) ◦ αM ,
(2) βM ◦ ρ(β(x), β(y)) = ρ(x, y) ◦ βM ,
(3) ρ(x, y)ρ(αβ(u), αβ(v))
= ρ(α(u), α(v))ρ(β(u), β(v))−βMρ([β(u), β(v), x], β(y))−βMρ(β(x), [β(u), β(v), y]),
(4) βMρ([β(u), β(v), x], β(y))
= −ρ(α(u), y)ρ(αβ(v), β(x))−ρ(α(v), y)ρ(β(x), αβ(u))−ρ(x, y)ρ(αβ(u), αβ(v)),
Proof. Let f ∈M∗, x, y, u, v ∈ L. First, we have
(ρ˜(α(u), α(v)) ◦ α˜M)(f) = −α˜M(f) ◦ ρ(α(u), α(v)) = −f ◦ αM ◦ ρ(α(u), α(v))
and α˜M ◦ ρ˜(u, v)(f) = −α˜M(f ◦ ρ(u, v)) = −f ◦ ρ(u, v) ◦ αM , which implies
ρ˜(α(u), α(v)) ◦ α˜M = α˜M ◦ ρ˜(u, v)⇔ αM ◦ ρ(α(u), α(v)) = ρ(u, v) ◦ αM .
Similarly, ρ˜(β(u), β(v)) ◦ β˜M = β˜M ◦ ρ˜(u, v)⇔ βM ◦ ρ(β(u), β(v)) = ρ(u, v) ◦ βM .
Then we can get
ρ˜(αβ(u), αβ(v)) ◦ ρ˜(x, y)(f) = −ρ˜(αβ(u), αβ(v))(fρ(x, y)) = fρ(x, y)ρ(αβ(u), αβ(v))
and
(
ρ˜(β(x), β(y)) ◦ ρ˜(α(u), α(v)) + ρ˜([β(u), β(v), x], β(y)) ◦ β˜M
+ρ˜(β(x), [β(u), β(v), y]) ◦ β˜M
)
(f)
= fρ(α(u), α(v))ρ(β(x), β(y))−fβMρ([β(u), β(v), x], β(y))−fβMρ(β(x), [β(u), β(v), y]),
which implies
ρ˜(αβ(u), αβ(v)) ◦ ρ˜(x, y)
= ρ˜(β(x),β(y))◦ρ˜(α(u),α(v))+ρ˜([β(u),β(v),x],β(y))◦β˜M+ρ˜(β(x), [β(u), β(v), y])◦β˜M
if and only if
ρ(x, y)ρ(αβ(u), αβ(v))
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= ρ(α(u), α(v))ρ(β(u), β(v))−βMρ([β(u), β(v), x], β(y))−βMρ(β(x), [β(u), β(v), y]).
In the same way,
ρ˜([β(u), β(v), x], β(y))β˜M
= ρ˜(αβ(v), β(x))◦ρ˜(α(u), y)+ρ˜(β(x), αβ(u))◦ρ˜(α(v), y)+ρ˜(αβ(u), αβ(v))◦ρ˜(x, y)
if and only if
βMρ([β(u), β(v), x], β(y))
= −ρ(α(u), y)ρ(αβ(v), β(x))−ρ(α(v), y)ρ(β(x), αβ(u))−ρ(x, y)ρ(αβ(u), αβ(v)).
That shows the theorem holds.
Corollary 4.4. Let ad be the adjoint representation of a 3-Bihom-Lie algebra (L, [·, ·, ·],
α, β). Let us consider the bilinear map ad∗ : L× L→ End(L∗) defined by
ad∗(x, y)(f) = −f ◦ ad(x, y), ∀ x, y ∈ L.
Then ad∗ is a representation of L on (L∗, ad∗, α˜, β˜) if and only if
(1) α ◦ ad(α(x), α(y)) = ad(x, y) ◦ α,
(2) β ◦ ad(β(x), β(y)) = ad(x, y) ◦ β,
(3) ad(x, y)ad(αβ(u), αβ(v))
= ad(α(u), α(v))ad(β(u), β(v))−βad([β(u), β(v), x], β(y))−βad(β(x), [β(u), β(v), y]),
(4) βad([β(u), β(v), x], β(y))
=−ad(α(u), y)ad(αβ(v), β(x))−ad(α(v), y)ad(β(x), αβ(u))−ad(x, y)ad(αβ(u), αβ(v)),
We call the representation ad∗ the coadjoint representation of L.
Under the above notations, assume that the coadjoint representation ad∗ exists and
α, β are bijective. From Proposition 3.5, (L ⊕ L∗, [·, ·, ·]θ, α + α˜, β + β˜) is a 3-Bihom-Lie
algebra by a 3-cocycle θ : L× L× L→ L∗ associated with ad∗.
Definition 4.5. Let L be a 3-Bihom-Lie algebra over a field K. We inductively define a
derived series
(L(n))n≥0 : L
(0) = L, L(n+1) = [L(n), L(n), L]
and a central descending series
(Ln)n≥0 : L
0 = L, Ln+1 = [Ln, L, L].
L is called solvable and nilpotent (of length k) if and only if there is a (smallest)
integer k such that L(k) = 0 and Lk = 0, respectively.
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Theorem 4.6. Let (L, [·, ·, ·], α, β) be a 3-Bihom-Lie algebra over a field K.
(1) If L is solvable, then (L⊕ L∗, [·, ·, ·]θ, α+ α˜, β + β˜) is solvable.
(2) If L is nilpotent, then (L⊕ L∗, [·, ·, ·]θ, α+ α˜, β + β˜) is nilpotent.
Proof. (1) We suppose that L is solvable of length s, i.e. L(s) = [L(s−1), L(s−1), L] =
0. We claim that (L ⊕ L∗)(k) ⊆ L(k) + L∗, which we prove by induction on k. The case
k = 1, by Proposition 3.5, we have
(L⊕ L∗)(1) = [L⊕ L∗, L⊕ L∗, L⊕ L∗]θ
= [L, L, L]θ + [L, L, L
∗]θ + [L, L
∗, L]θ + [L
∗, L, L]θ
= [L, L, L] + θ(L, L, L) + [L, L, L∗]θ + [L, L
∗, L]θ + [L
∗, L, L]θ
⊆ L(1) + L∗.
By induction, (L⊕ L∗)(k−1) ⊆ L(k−1) + L∗. So
(L⊕ L∗)(k)
= [(L⊕ L∗)(k−1), (L⊕ L∗)(k−1), L⊕ L∗]θ
⊆ [L(k−1) + L∗, L(k−1) + L∗, L⊕ L∗]θ
= [L(k−1), L(k−1), L] + θ(L(k−1), L(k−1), L) + [L(k−1), L(k−1), L∗]θ + [L
(k−1), L∗, L]θ
+[L∗, L(k−1), L]θ
⊆ L(k) + L∗.
Therefore
(L⊕ L∗)(s+1)
⊆ [L(s), L(s), L] + θ(L(s), L(s), L) + [L(s), L(s), L∗]θ + [L
(s), L∗, L]θ + [L
∗, L(s), L]θ
= 0.
It follows (L⊕ L∗, [·, ·, ·]θ, α + α˜, β + β˜) is solvable.
(2) Suppose that L is nilpotent of length s. Since (L⊕L∗)s/L∗ ∼= Ls and Ls = 0, we
have (L⊕L∗)s ⊆ L∗. Let h ∈ (L⊕L∗)s ⊆ L∗, b ∈ L, xi+fi, yi+gi ∈ L⊕L
∗, 1 ≤ i ≤ s−1,
we have
[[· · · [h, x1 + f1, y1 + g1]θ, · · · ]θ, xs−1 + fs−1, ys−1 + gs−1]θ(b)
= (−1)s−1hαβ−1ad(x1,α
−1β(y1))αβ
−1ad(x2,α
−1β(y2))· · ·αβ
−1ad(xs−1,α
−1β(ys−1))(b)
= (−1)s−1hαβ−1([x1, α
−1β(y1), α
−1β[x2, α
−1β(y2),· · ·, αβ
−1[xs−1, α
−1β(ys−1), b] · · · ]])
∈ h(Ls) = 0.
Thus (L⊕ L∗, [·, ·, ·]θ, α + α˜, β + β˜) is nilpotent.
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Now we consider the following symmetric bilinear form qL on L⊕ L
∗,
qL(x+ f, y + g) = f(y) + g(x), ∀ x+ f, y + g ∈ L⊕ L
∗.
Obviously, qL is nondegenerate. In fact, if x + f is orthogonal to all elements y + g of
L⊕ L∗, then f(y) = 0 and g(x) = 0, which implies that x = 0 and f = 0.
Lemma 4.7. Let qL be as above. Then the 4-tuple (L⊕L
∗, qL, α+ α˜, β+ β˜) is a quadratic
3-Bihom-Lie algebra if and only if θ satisfies for all x1, x2, x3, x4 ∈ L,
θ(β(x1), β(x2), α(x3))(α(x4)) + θ(β(x1), β(x3), α(x3))(α(x4)) = 0.
Proof. Now suppose that xi + fi ∈ L⊕ L
∗, i = 1, 2, 3, 4, we have
qL((α + α˜)(x1 + f1), x2 + f2) = qL(α(x1) + f1 ◦ α, x2 + f2)
= f2 ◦ α(x1) + f1(α(x2))
= qL(x1 + f1, (α + α˜)(x2 + f2)).
Then α + α˜ is qL-symmetric. In the same way, β + β˜ is qL-symmetric.
Next, we can obtain
qL
(
[(β + β˜)(x1 + f1), (β + β˜)(x2 + f2), (α+ α˜)(x3 + f3)]θ, (α + α˜)(x4 + f4)
)
+qL
(
(α + α˜)(x3 + f3), [(β + β˜)(x1 + f1), (β + β˜)(x2 + f2), (α+ α˜)(x4 + f4)]θ
)
= qL
(
[β(x1) + f1 ◦ β, β(x2) + f2 ◦ β, α(x3) + f3 ◦ α]θ, α(x4) + f4 ◦ α
)
+qL
(
α(x3) + f3 ◦ α, [β(x1) + f1 ◦ β, β(x2) + f2 ◦ β, α(x4) + f4 ◦ α]θ
)
= qL
(
[β(x1), β(x2), α(x3)] + θ(β(x1), β(x2), α(x3)) + ad
∗(β(x1), β(x2))(f3 ◦ α)
−ad∗(β(x1), α
−1βα(x3))α˜β˜
−1(f2 ◦ β) + ad
∗(β(x2), α
−1βα(x3))α˜β˜
−1(f1 ◦ β),
α(x4) + f4 ◦ α
)
+ qL
(
α(x3) + f3 ◦ α, [β(x1), β(x2), α(x4)] + θ(β(x1), β(x2), α(x4))
+ad∗(β(x1), β(x2))(f4 ◦ α)− ad
∗(β(x1), α
−1βα(x4))α˜β˜
−1(f2 ◦ β)
+ad∗(β(x2), α
−1βα(x4))α˜β˜
−1(f1 ◦ β)
)
= θ(β(x1), β(x2), α(x3))(α(x4))−f3α([β(x1), β(x2), α(x4)])+f2α([β(x1), β(x3), α(x4)])
−f1α([β(x2), β(x3), α(x4)])+f4α([β(x1), β(x2), α(x3)])+θ(β(x1), β(x2), α(x4))(α(x3))
−f4α([β(x1), β(x2), α(x3)]) + f2α([β(x1), β(x4), α(x3)])− f1α([β(x2), β(x4), α(x3)])
+f3α([β(x1), β(x2), α(x4)])
= θ(β(x1), β(x2), α(x3))(α(x4)) + θ(β(x1), β(x2), α(x4))(α(x3)),
which implies
qL
(
[(β + β˜)(x1 + f1), (β + β˜)(x2 + f2), (α + α˜)(x3 + f3)]θ, (α+ α˜)(x4 + f4)
)
+ qL
(
(α+ α˜)(x3 + f3), [(β + β˜)(x1 + f1), (β + β˜)(x2 + f2), (α + α˜)(x4 + f4)]θ
)
= 0
if and only if θ(β(x1), β(x2), α(x3))(α(x4)) + θ(β(x1), β(x2), α(x4))(α(x3)) = 0.
Hence the lemma follows.
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Now, we shall call the quadratic 3-Bihom-Lie algebra (L ⊕ L∗, qL, α + α˜, β + β˜) the
T ∗θ -extension of L (by θ) and denote by T
∗
θ (L).
Lemma 4.8. Let (L, qL, α, β) be a 2n-dimensional quadratic 3-Bihom-Lie algebra over a
field K (chK 6= 2), α be surjective and I be an isotropic n-dimensional subspace of L. If
I is a Bihom-ideal of (L, [·, ·, ·], α, β), then [β(I), β(L), α(I)] = 0.
Proof. Since dimI+dimI⊥ = n + dimI⊥ = 2n and I ⊆ I⊥, we have I = I⊥. If I is
a Bihom-ideal of (L, [·, ·], α, β), then
qL([β(I), β(L), α(I
⊥)], α(L)) = −qL(α(I
⊥), [β(I), β(L), α(L)])
⊆ qL(α(I
⊥), [I, β(L), α(L)])
⊆ qL(I
⊥, I) = 0,
which implies [β(I), β(L), α(I)] = [β(I), β(L), α(I⊥)] ⊆ α(L)⊥ = L⊥ = 0.
Theorem 4.9. Let (L, qL, α, β) be a quadratic regular 3-Bihom-Lie algebra of dimen-
sional 2n over a field K (chK 6= 2). Then (L, qL, α, β) is isometric to a T
∗
θ -extension
(T ∗θ (B), qB, α
′
, β
′
) if and only if (L, [·, ·, ·], α, β) contains an isotropic Bihom-ideal I of
dimension n. In particular, B ∼= L/I.
Proof. (=⇒) Suppose φ : B⊕B∗ → L is isometric, we have φ(B∗) is a n-dimensional
isotropic Bihom-ideal of L. In fact, since φ is isometric, dimB ⊕B∗ = dimL = 2n, which
implies dimB∗ = dimφ(B∗) = n. And 0 = qB(B
∗, B∗) = qL(φ(B
∗), φ(B∗)), we have
φ(B∗) ⊆ φ(B∗)⊥. By [φ(B∗), L, L] = [φ(B∗), φ(B⊕B∗), φ(B⊕B∗)] = φ([B∗, B⊕B∗, B⊕
B∗]θ) ⊆ φ(B
∗), φ(B∗) is a Bihom-ideal of L. Furthermore, B ∼= B ⊕B∗/B∗ ∼= L/φ(B∗).
(⇐=) Suppose that I is a n-dimensional isotropic Bihom-ideal of L. By Lemma 4.8,
[β(I), β(L), α(I)] = 0. Let B = L/I and p : L→ B be the canonical projection. We can
choose an isotropic complement subspace B0 to I in L, i.e. L = B0 ∔ I and B0 ⊆ B
⊥
0 .
Then B⊥0 = B0 since dimB0 = n.
Denote by p0 (resp. p1) the projection L = B0 ∔ I → B0 (resp. L = B0 ∔ I → I)
and let q∗L : I → B
∗ is a linear map, where q∗L(i)(x¯) := qL(i, x), ∀ i ∈ I, x¯ ∈ B = L/I.
We claim that q∗L is a vector space isomorphism. In fact, if x¯ = y¯, then x − y ∈ I, hence
qL(i, x − y) ∈ qL(I, I) = 0 and so qL(i, x) = qL(i, y), which implies q
∗
L is well-defined and
it is easy to see that q∗L is linear. If q
∗
L(i) = q
∗
L(j), then q
∗
L(i)(x¯) = q
∗
L(j)(x¯), ∀ x ∈ L,
i.e. qL(i, x) = qL(j, x), which implies i − j ∈ L
⊥ = 0, hence q∗L is injective. Note that
dimI = dimB∗ = n, then q∗L is surjective.
In addition, q∗L has the following property, ∀ x, y, z ∈ L, i ∈ I,
q∗L([β(x), β(y), α(i)])(α¯(z¯)) = qL([β(x), β(y), α(i)], α(z))
= −qL(α(i), [β(x), β(y), α(z)])
= −q∗L(α(i))([β(x), β(y), α(z)])
= −q∗L(α(i))([β(x), β(y), α(z)])
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= −q∗L(α(i))ad(β(x), β(y))(α(z))
= ad∗(β(x), β(y))q∗L(α(i))(α(z)).
A similar computation shows that
q∗L([β(x), β(i), α(y)]) = −ad
∗(β(x), β(y))q∗L(α(i)),
q∗L([β(i), β(x), α(y)]) = ad
∗(β(x), β(y))q∗L(α(i)).
Define a 3-linear map
θ : B × B ×B −→ B∗
(b¯1, b¯2, b¯3) 7−→ q
∗
L(p1([b1, b2, b3])),
where b1, b2, b3 ∈ B0. Then θ is well-defined since p|B0 is a vector space isomorphism.
Now define the bracket [·, ·, ·]θ on B ⊕ B
∗ by Proposition 3.5, we have B ⊕ B∗ is a
algebra. Let ϕ : L→ B ⊕ B∗ be a linear map defined by ϕ(x+ i) = x¯+ q∗L(i), ∀ x+ i ∈
B0 ∔ I = L. Since p|B0 and q
∗
L are vector space isomorphisms, ϕ is also a vector space
isomorphism. Note that ϕα(x+ i) = ϕ(α(x) +α(i)) = α(x) + q∗L(α(i)) = α(x) + q
∗
L(i)α¯ =
(α¯+ ˜¯α)(x¯+q∗L(i)) = (α¯+ ˜¯α)ϕ(x+i), i.e. ϕα = (α¯+ ˜¯α)ϕ. By the same way, ϕβ = (β¯+
˜¯β)ϕ.
Furthermore, ∀ x, y, z ∈ L, i, j, k ∈ I,
ϕ([β(x+ i), β(y + j), α(z + k)])
= ϕ([β(x) + β(i), β(y) + β(j), α(z) + α(k)])
= ϕ([β(x), β(y), α(z)] + [β(x), β(y), α(k)] + [β(x), β(j), α(z)] + [β(x), β(j), α(k)]
+[β(i), β(y), α(z)] + [β(i), β(y), α(k)] + [β(i), β(j), α(z)] + [β(i), β(j), α(k)])
= ϕ([β(x), β(y), α(z)] + [β(x), β(y), α(k)] + [β(x), β(j), α(z)] + [β(i), β(y), α(z)])
= ϕ(p0([β(x), β(y), α(z)])+p1([β(x), β(y), α(z)])+[β(x), β(y), α(k)]+[β(x), β(j), α(z)]
+[β(i), β(y), α(z)])
= [β(x), β(y), α(z)] + q∗L
(
p1([β(x), β(y), α(z)]) + [β(x), β(y), α(k)] + [β(x), β(j), α(z)]
+[β(i), β(y), α(z)]
)
= [β(x), β(y), α(z)] + θ(β(x), β(y), α(z)) + ad∗(β(x), β(y))q∗L(α(k))
−ad∗(β(x), β(z))q∗L(α(j)) + ad
∗(β(y), β(z))q∗L(α(i))
= [β(x) + q∗L(β(i)), β(y) + q
∗
L(β(j)), α(z) + q
∗
L(α(k))]θ
= [ϕ(β(x) + β(i)), ϕ(β(y) + β(j)), ϕ(α(z) + α(k))]θ.
Then ϕ is an isomorphism of algebras, and (B⊕B∗, [·, ·, ·]θ, α¯+ ˜¯α, β¯+
˜¯β) is a 3-Bihom-Lie
algebra. Furthermore, we have
qB(ϕ(x+ i), ϕ(y + j)) = qB(x¯+ q
∗
L(i), y¯ + q
∗
L(j))
= q∗L(i)(y¯) + q
∗
L(j)(x¯)
= qL(i, y) + qL(j, x)
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= qL(x+ i, y + j),
then ϕ is isometric. And ∀ x, y, z, w ∈ L, the relation
qB([(β¯ +
˜¯β)(ϕ(x)), (β¯ + ˜¯β)(ϕ(y)), (α¯+ ˜¯α)(ϕ(z))]θ, (α¯+ ˜¯α)(ϕ(w)))
= qB([ϕ(β(x)), ϕ(β(y)), ϕ(α(z))]θ, ϕ(α(w))) = qB(ϕ([β(x), β(y), α(z)]), ϕ(α(w)))
= qL([β(x), β(y), α(z)], α(w)) = −qL(α(z), [β(x), β(y), α(w)])
= −qB(ϕ(α(z)), [ϕ(β(x)), ϕ(β(y)), ϕ(α(w))]θ)
= −qB((β¯ +
˜¯β)(ϕ(z)), [(β¯ + ˜¯β)(ϕ(x)), (β¯ + ˜¯β)(ϕ(y)), (α¯+ ˜¯α)(ϕ(w))]θ),
which implies that qB is αβ-invariant. So (B ⊕ B
∗, qB, β¯ +
˜¯β, α¯ + ˜¯α) is a quadratic 3-
Bihom-Lie algebra. Thus, the T ∗θ -extension (B ⊕ B
∗, qB, β¯ +
˜¯β, α¯ + ˜¯α) of B is isometric
to (L, qL, α, β).
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